CALCULUS 2
INTEGRATION BY SUBSTITUTION

WORKED EXAMPLES

INTEGRATION BY SUBSTITUTION

Find the integral of the following.

1. [(5x +4)° dx 17. [(x? + 1) Vx — 2dx
2. [3t2(t3 + 4)° dx 18. [3t3(t2 +4)>dt = [3t? =t (t? +
4)>
3. [V4x — 5dx ,
1 19. [x(x? —4):
4. [t2(t3 +4) 2dt
J e ) 20. [——dx
5. [cos(2x + 1) dx (1+x%)
t+1
6. [sin'®xcosdx 21. fet+tdt
sinx Jy
7. f(cosx)5 dx 22. fe\/— dy
()
-1 eXx
] f(f 1)° dx = [+ dx 23. [o—dx
x2 x+1
24. fx2+2x+19

9. [Vx3 +x2(3x? + 2x)dx
eX—p—X
10. (2 + D" (2x)dx 25. [———dx

11. f(x3—6)33(3x2)dx %, f(tﬂ)z
1 1
2. f(1+3) (5)at g7, [reste)
13. [—=dx sl
Ny 28, [t

14. [xV2x + 1dx f”*e"
29. [(x + 1)sin(x? + 2x + 3) dx
15. [vVxxvx + 1dx =

30. [ xtan(x?)sec(x?)dx
1 3
fxE,/xE + ldx

16. Jxsz —labc:J.x2 *xy/x* —1dx
[x3Vx?% — 1dx = [ x? * xVx? + 1dx



SOLUTIONS

Find [ (5x +4)° dx. Letu = 5x + 4; du = 5dx, dx = 1/5du
Then,f(5x+4)5dx=fu5*ldu=l*lu6+C =2 (G5x+4)°+C
5 5 6 30

Find [ 3t2(t3 + 4)° dx. Letu = t3+4; du = 3t%dx; dx = %du
Then, [3e2(t* +4)°dx = [uSdu="+C =1+ +C

Find [ V4x —5dx  Letu = 4x — 5; du = 4dx; dx =idu
1 3 3
Then,f\/4x—5dx=£fu5du=i*§(4x—5)5+C:%(4x—5)5

1
Find [ t2(t3 +4) 2dt Letu = (t3 + 4); du = 3t%dx; dx = #du

_1 1 1 1
Then, [ t2(t3 + 4) 2dt=§fu_5du=§*2u5+6 =§(t3+4)5+C

Find [ cos(2x + 1) dx Letu =2x+1; du = 2dx; dx = %du
Then, [ cos(2x + 1) dx = %fcosudu = %sinu +C = gsin(Zx +1)+C

Find [ sin®x cos d x Let u = sinx; du = cos xdx; dx = Cosxdu
Then, [ sin®® x cosd x = [u'%xdu = —u'l + C
11
Findf sinx X Letu =cosx; du = sinxdx; dx = —du
(cos x)5 sinx
sinx _r1 _ -5 _ 1 4 — 1 —4
Then,f(cosx)sdx—fusdu—fu du=—-u*+C L (cosx)™ +C

1 \2
F'ndfde—f@ dx Letu=+x—1; du = ——dx; dx = 2vxdu
| \/} —_ - ) u_Z\/} ) -

Nl = >lil»—l

2
2 x2—-1
Then,f%dxzf@ dx:2fu2du=§u3+C=§(\/§—1)3+C

X2

1



10.

11.

12.

13.

14.

15.

16.

17.

Find [ Vx3 + x2 (3x2 + 2x)dx Letu = x3 + x?; du = 3x? + 2xdx; dx =

3x2+42x
3

1 3
Then, [Vx3 + x2 (3x? + 2x)dx = [uzdu = %ui +C = %(x3 +x) ' +¢C

Find [(x% + 1) 2x)dx Letu = x2+1; du = 2xdx; dx = %du
Then, [ (x? + 1) (2x)dx = [uldu = Zul® + C = (2 + D +C
Find f(x?) - 6)3(3x2)dx Letu = x3 — 6, du = 3x2dx; dx = ﬁdu

Then, [(x3 — 6)3(3x?)dx = [uddu = iu”‘ +C = i(x‘L -6)*+C

Findf(l +%)3 (tiz) dt Letu=1 +%; du =_it2dt; dt = —t?du
Then,f(1+l)3 (tiz)dtzflﬁ—du: —iu4+C = —i(1+%)4+C

1
Fmdfx/g__ Letu = 3x — 7; du = 3dx; dx—gdu
1 -1 2 1 4 1
Then,fﬁ dx =;f2uzdu=3+2uz+C=-Bx—7)2+C
Find [ xvV2x + 1dx Letu = 2x + 1; du = 2dx; dxzidu; xzuT_l

Then, [ xV2x + 1dx
~[x(2es 1) de =L (L -yt =L [[ 02 -
—IX( X+ ) X—EIE(U— )l/l M—ZI u-—u u

5 3 5 3
=it i =t x+ ) -t + )24+ C
4 5 4 3 10 6

1 3 3 1
Find [ VxvxvVx + 1dx = fxE,/x5+ 1ldx Letu=xz+1; du =§x5dx; dx =

smdu

Then, [ Vv xvx dx—fo,/xz+1dx——fu2du——*—u2+C— (x2+1)
Find [ x3vx2 — dxzfx * xVx2 —1dx Letu = x%—1; du = 2xdx;
dxzidu; x2=u+1

Then, [ x3Vx? — 1dx = [ x? *x xVx? — 1ldx = %f(u +1) (u%) du = %fu% +urdu

5 3 5 3
= v w4 ialur 4 C= (k2 -2 +-(x2 —1)24+C
2 5 2 3 5 3

Find [(x2+ D) Vx—2dx Letu=x—-2;du=dx;x=u+2x*=w+2)?=
u?+4u+4

1

Then,f(x2+1)\/x—2dx=f(u2+4u+4+1)(u5)du=f(u2+4u+5)(u%)du

5 3 1 2 2 2 5.2 3
=fu2+4u2+5u2du=;u2+g*4uz+g*5u2+6

+C



18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

2 7 8 5 10 3
:;(X—Z)Z +§(x—2)2 +?(X—2)2+C

Find [ 3t3(t2 +4)°dt = [ 3t? = t (t? + 4)° Let u = t? + 4; du = 2tdt,
%du; t?=u—4
Then, [3t3(t2 + 4)5 dt = [ 3t2 = t (t2 + 4)5dt =~ [3(u- ()’ du =

3 3 1 3 1
“fub—4uSdu=>%-u" —=%x-4ub + C
2 2 7 2 6

3
=E(t2+4)7—(t2+4)6+C

7
Find [ x(x% — 4)2 Letu = x? — 4; du = 2xdx; dxzidu
Then,[ x(x? — 4): =X fuidu =2+ 2ui+C =22 —a)i + ¢
en,[ x(x =-Juzdu=:-xu =5

Flndf — Letu =1+ x2; du = 2xdx; dx = —du
) 2x
1L _ 1. -2 1 _1 - _
Thenf(1+2)2 dx=-[—du=-fu?du=_+--+C= 2T
Fi dfe+1 Letu=et+t; du=et+1dt; dt = tl
et+1

Then, fe+1dt—f du = Inlu| + C = Inlet + t| + C Note: (f%zln|u|+C)

Findfﬁdy Letu =.y; du = 2\/_dy, dy = 2,/ydu

5
Then,f%dy =2 [e%du=2e" +C

Flndf Letu =2+ e*; du = e*dx; dx = —du
2+ x eX
Then, —f%du=ln|2+ex|+C Note: (f%u:lnlu|+6)
Findfzx;ldx Letu = x? + 2x 4+ 19; du = 2x + 2dx; dx = du

x2+2x+19 2(x+1)
Thenfzx;1 =lfldu=1ln|u|+6=lln|x2+2x+19|+C

x +2x+19 27 u 2 2
Flndf dx Letu=e*+e™*; du=e*—e¥dx; dx = ex_le_x du
Then f dx = f du=Inlul+C =Inle*+e *|+C
Find (t;l) dt (This is a case where it is easier not to substitute)
2
Thenf(”l) dt = [ = 1424 Sdt =t +20mt|+5+C
. xcos(x) _ 2 . _ 2 . _ 1
Find [ ——== JsinGD dx Let u = sin(x?); du = 2x cos(x*) dx; dx = Txcoso®) du
(x2) 1, -1 1 1 -
en, [*2=ldx =~ [uT2du = -uz * 2 + C = [sin(x2) + C
&3 n(x2 2 2
Fin df Lte” Letu=x+e*; du=1+e*dx; dx =—du
) 1+e
1 1 >

Then f1+e x=[uZdu=2uz+C=2(x+e") +C=2Vx+e*+C



29. Find[(x + 1) sin(x? + 2x + 3) dx Letu = x% + 2x + 3; du = 2x + 2dx; dx =
1

2(x+1)
Then, [ (x + 1) sin(x? + 2x + 3) dx = %fsinudu = %(— cosu) +C =

—%cos(x2 +2x+3)+C
30. Find [ x tan(x?) sec(x?) dx Let u = x?%; du = 2xdx; dx = idu

Then, [ x tan(x?) sec(x?) dx = %f tanu secudu = %secu +C = %sec(xz) +C



