
CALCULUS 2 
INTEGRATION BY SUBSTITUTION 

 
WORKED EXAMPLES 

 
INTEGRATION BY SUBSTITUTION 

Find the integral of the following.               

1. ∫(5𝑥 + 4)! 𝑑𝑥   

2. ∫3𝑡"(𝑡# + 4)! 𝑑𝑥 

3. ∫√4𝑥 − 5𝑑𝑥 

4. ∫ 𝑡"(𝑡# + 4)$
!
" 𝑑𝑡 

5. ∫ 𝑐𝑜𝑠(2𝑥 + 1) 𝑑𝑥 

6. ∫ 𝑠𝑖𝑛%& 𝑥 𝑐𝑜𝑠 𝑑 𝑥 

7. ∫ '() *
(,-' *)#

𝑑𝑥 

8. ∫ /√*$%1
"

√*
𝑑𝑥 = ∫

2*
!
"$%3

*
!
"

"

𝑑𝑥 

9. ∫√𝑥# + 𝑥" (3𝑥" + 2𝑥)𝑑𝑥 

10. ∫(𝑥" + 1)%! (2𝑥)𝑑𝑥 
11. ∫(𝑥# − 6)#(3𝑥")𝑑𝑥 

12. ∫ 61 + %
4
7
#
6 %
4"
7 𝑑𝑡 

13. ∫ "
√#*$5

𝑑𝑥 

14. ∫𝑥√2𝑥 + 1𝑑𝑥 

15. ∫√𝑥8𝑥√𝑥 + 1𝑑𝑥 =

∫𝑥
!
"9𝑥

$
" + 1𝑑𝑥 

16. 

∫𝑥#√𝑥" − 1𝑑𝑥 = ∫𝑥" ∗ 𝑥√𝑥" + 1𝑑𝑥 

17. ∫(𝑥" + 1)√𝑥 − 2𝑑𝑥 

18. ∫3𝑡#(𝑡" + 4)! 𝑑𝑡 = ∫3𝑡" ∗ 𝑡 (𝑡" +
4)! 

19. ∫𝑥(𝑥" − 4)
%
" 

20. ∫ *
(%6*")"

𝑑𝑥 

21. ∫ 7&6%
7&64

𝑑𝑡 

22. ∫ 7'(

√8
𝑑𝑦 

23. ∫ 7)

"67)
𝑑𝑥 

24. ∫ *6%
*"6"*6%9

𝑑𝑥 

25. ∫ 7)$7*)

7)67*)
𝑑𝑥 

26. ∫ (46%)"

4"
𝑑𝑡 

27. ∫ * ,-'/*"1
:'()(*")

𝑑𝑥 

28. ∫ %67)

√*67)
𝑑𝑥 

29. ∫(𝑥 + 1) 𝑠𝑖𝑛(𝑥" + 2𝑥 + 3) 𝑑𝑥 

30. ∫𝑥 𝑡𝑎𝑛(𝑥") 𝑠𝑒𝑐(𝑥") 𝑑𝑥 

 
3 2 2 21 * 1x x dx x x x dx- = -ò ò
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SOLUTIONS 

1. Find ∫(5𝑥 + 4)! 𝑑𝑥.  Let u = 5x + 4; du = 5dx, dx = 1/5du 
Then, ∫(5𝑥 + 4)! 𝑑𝑥 = ∫𝑢! ∗ %!𝑑𝑢 =

%
!
∗ %
;
𝑢; + 𝐶 = %

#&
(5𝑥 + 4); + 𝐶 

2. Find ∫ 3𝑡"(𝑡# + 4)! 𝑑𝑥.  𝐿𝑒𝑡	𝑢 = 	 𝑡# + 4; 	𝑑𝑢 = 3𝑡"𝑑𝑥; 	𝑑𝑥 = %
#4"
𝑑𝑢 

Then,  ∫3𝑡"(𝑡# + 4)! 𝑑𝑥 = ∫𝑢! 𝑑𝑢 = <+

;
+ 𝐶 = %

;
(𝑡# + 4); + 𝐶 

3. Find ∫√4𝑥 − 5𝑑𝑥  𝐿𝑒𝑡	𝑢 = 4𝑥 − 5; 	𝑑𝑢 = 4𝑑𝑥; 	𝑑𝑥 = %
=
𝑑𝑢 

Then, ∫√4𝑥 − 5𝑑𝑥 = %
=∫𝑢

!
" 𝑑𝑢 = %

=
∗ "
#
(4𝑥 − 5)

$
" + 𝐶 = %

;
(4𝑥 − 5)

$
" 

4. Find ∫ 𝑡"(𝑡# + 4)$
!
" 𝑑𝑡  𝐿𝑒𝑡	𝑢 = (𝑡# + 4); 	𝑑𝑢 = 3𝑡"𝑑𝑥; 	𝑑𝑥 = %

#4"
𝑑𝑢 

Then, ∫ 𝑡"(𝑡# + 4)$
!
" 𝑑𝑡 =%

# ∫𝑢
$!" 𝑑𝑢 = %

#
∗ 2𝑢

!
" + 𝐶 = "

#
(𝑡# + 4)

!
" + 𝐶 

5. Find ∫ 𝑐𝑜𝑠(2𝑥 + 1)𝑑𝑥  𝐿𝑒𝑡	𝑢 = 2𝑥 + 1; 	𝑑𝑢 = 2𝑑𝑥; 	𝑑𝑥 = %
"
𝑑𝑢 

Then,∫ 𝑐𝑜𝑠(2𝑥 + 1) 𝑑𝑥 = %
" ∫ 𝑐𝑜𝑠 𝑢 𝑑𝑢 =

%
"
𝑠𝑖𝑛 𝑢 + 𝐶 = %

"
𝑠𝑖𝑛(2𝑥 + 1) + 𝐶 

6. Find ∫ 𝑠𝑖𝑛%& 𝑥 𝑐𝑜𝑠 𝑑 𝑥  𝐿𝑒𝑡	𝑢 = 𝑠𝑖𝑛 𝑥 ; 	𝑑𝑢 = 𝑐𝑜𝑠 𝑥 𝑑𝑥; 	𝑑𝑥 = %
,-' *

𝑑𝑢 

Then,∫ 𝑠𝑖𝑛%& 𝑥 𝑐𝑜𝑠 𝑑 𝑥 = ∫𝑢%&𝑥𝑑𝑢 = %
%%
𝑢%% + 𝐶 

7. Find ∫ '() *
(,-' *)#

𝑑𝑥   𝐿𝑒𝑡	𝑢 = 𝑐𝑜𝑠 𝑥 ; 	𝑑𝑢 = 𝑠𝑖𝑛 𝑥 𝑑𝑥; 	𝑑𝑥 = %
'() *

𝑑𝑢 

Then,∫ '() *
(,-' *)#

𝑑𝑥 =∫ %
<#
𝑑𝑢 = ∫𝑢$! 𝑑𝑢 = − %

=
𝑢$= + 𝐶 = − %

=
(𝑐𝑜𝑠 𝑥)$= + 𝐶 

8. Find ∫
/√*$%1

"

√*
𝑑𝑥 = ∫

2*
!
"$%3

*
!
"

"

𝑑𝑥  𝐿𝑒𝑡	𝑢 = √𝑥 − 1; 	du = %
"√*

𝑑𝑥; 	𝑑𝑥 = 2√𝑥𝑑𝑢 

Then,∫
/√*$%1

"

√*
𝑑𝑥 = ∫

2*
!
"$%3

*
!
"

"

𝑑𝑥 = 2∫𝑢"𝑑𝑢 = "
#
𝑢# + 𝐶 = "

#
E√𝑥 − 1F

#
+ 𝐶 
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9. Find ∫√𝑥# + 𝑥" (3𝑥" + 2𝑥)𝑑𝑥  𝐿𝑒𝑡	𝑢 = 𝑥# + 𝑥"; 	𝑑𝑢 = 3𝑥" + 2𝑥𝑑𝑥; 	𝑑𝑥 =
%

#*"6"*
𝑑𝑢  

Then, ∫√𝑥# + 𝑥" (3𝑥" + 2𝑥)𝑑𝑥 = ∫𝑢
!
"𝑑𝑢 = "

#
𝑢
$
" + 𝐶 = "

#
(𝑥# + 𝑥")

$
" + 𝐶 

10. Find ∫(𝑥" + 1)%! (2𝑥)𝑑𝑥   𝐿𝑒𝑡	u = 𝑥" + 1; 	𝑑𝑢 = 2𝑥𝑑𝑥; 	𝑑𝑥 = %
"*
𝑑𝑢 

Then,∫(𝑥" + 1)%! (2𝑥)𝑑𝑥 = ∫𝑢%! 𝑑𝑢 = %
%;
𝑢%; + 𝐶 = %

%;
(𝑥" + 1)%; + 𝐶 

11. Find ∫(𝑥# − 6)#(3𝑥")𝑑𝑥   𝐿𝑒𝑡	𝑢	 = 𝑥# − 6; 	𝑑𝑢 = 3𝑥"𝑑𝑥; 	𝑑𝑥 = %
#*"

𝑑𝑢 

Then,∫(𝑥# − 6)#(3𝑥")𝑑𝑥 = ∫𝑢# 𝑑𝑢 = %
=
𝑢= + 𝐶 = %

=
(𝑥= − 6)= + 𝐶 

12. Find ∫ 61 + %
4
7
#
6 %
4"
7𝑑𝑡   𝐿𝑒𝑡	𝑢 = 1 + %

4
; 	𝑑𝑢 = %

$4"
𝑑𝑡; 	𝑑𝑡 = −𝑡"𝑑𝑢 

Then,∫ 61 + %
4
7
#
6 %
4"
7𝑑𝑡 = ∫𝑢# − 𝑑𝑢 = − %

=
𝑢= + 𝐶 = − %

=
61 + %

4
7
=
+ 𝐶 

13. Find ∫ "
√#*$5

𝑑𝑥   𝐿𝑒𝑡	𝑢 = 3𝑥 − 7; 	𝑑𝑢 = 3𝑑𝑥; 	𝑑𝑥 = %
#
𝑑𝑢 

Then, ∫ "
√#*$5

𝑑𝑥 = %
#∫ 2𝑢

$!"𝑑𝑢 = "
#
∗ 2𝑢

!
" + 𝐶 = =

#
(3𝑥 − 7)

!
" + 𝐶 

14. Find ∫ 𝑥√2𝑥 + 1𝑑𝑥   𝐿𝑒𝑡	𝑢 = 2𝑥 + 1; 	𝑑𝑢 = 2𝑑𝑥; 	𝑑𝑥 = %
"
𝑑𝑢; 	𝑥 = <$%

"
 

Then, ∫𝑥√2𝑥 + 1𝑑𝑥    

 
         = %

=
∗ "
!
𝑢
#
" − %

=
∗ "
#
𝑢
$
" + 𝐶 = %

%&
(2𝑥 + 1)

#
" − %

;
(2𝑥 + 1)

$
" + 𝐶 

15. Find ∫√𝑥8𝑥√𝑥 + 1𝑑𝑥 = ∫𝑥
!
"9𝑥

$
" + 1𝑑𝑥       𝐿𝑒𝑡	𝑢 = 𝑥

$
" + 1; 	𝑑𝑢 = #

"
𝑥
!
"𝑑𝑥; 	𝑑𝑥 =

"
#√*

𝑑𝑢  

Then,∫√𝑥8𝑥√𝑥 + 1𝑑𝑥 = ∫𝑥
!
"9𝑥

$
" + 1𝑑𝑥 = "

#∫𝑢
!
"𝑑𝑢 = "

#
∗ "
#
𝑢
$
" + 𝐶 = =

9
6𝑥

$
" + 17

$
" + 𝐶 

16. Find ∫ 𝑥#√𝑥" − 1𝑑𝑥 = ∫𝑥" ∗ 𝑥√𝑥" − 1𝑑𝑥  𝐿𝑒𝑡	𝑢 = 𝑥" − 1; 	𝑑𝑢 = 2𝑥𝑑𝑥;	                     
𝑑𝑥 = %

"*
𝑑𝑢;	𝑥" = 𝑢 + 1 

Then, ∫𝑥#√𝑥" − 1𝑑𝑥 = ∫ 𝑥" ∗ 𝑥√𝑥" − 1𝑑𝑥 = %
" ∫(𝑢 + 1) 6𝑢

!
"7 𝑑𝑢 = %

" ∫𝑢
$
" +𝑢

!
"𝑑𝑢 

               = %
"
∗ "
!
𝑢
#
" + %

"
∗ "
#
𝑢
$
" + 𝐶 = %

!
(𝑥" − 1)

#
" + %

#
(𝑥" − 1)

$
" + 𝐶 

17. Find ∫(𝑥" + 1)√𝑥 − 2𝑑𝑥  𝐿𝑒𝑡	𝑢 = 𝑥 − 2; 	𝑑𝑢 = 𝑑𝑥; 	𝑥 = 𝑢 + 2, 𝑥" = (𝑢 + 2)" =
𝑢" + 4𝑢 + 4 
Then,∫(𝑥" + 1)√𝑥 − 2𝑑𝑥 = ∫(𝑢" + 4𝑢 + 4 + 1) 6𝑢

!
"7 𝑑𝑢 = ∫(𝑢" + 4𝑢 + 5) 6𝑢

!
"7 𝑑𝑢 

       = ∫𝑢
#
" + 4𝑢

$
" + 5𝑢

!
"𝑑𝑢 = "

5
𝑢
%
" + "

!
∗ 4𝑢

#
" + "

#
∗ 5𝑢

$
" + 𝐶	

( ) ( )
1 3 11
2 2 22

1 1 12 1 1
2 2 4

x x dx u u du u u du
æ ö

= + = - = -ç ÷
è ø

ò ò ò
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=
2
7
(𝑥 − 2)

5
" +

8
5
(𝑥 − 2)

!
" +

10
3
(𝑥 − 2)

#
" + 𝐶 

18. Find ∫ 3𝑡#(𝑡" + 4)! 𝑑𝑡 = ∫3𝑡" ∗ 𝑡 (𝑡" + 4)!      𝐿𝑒𝑡	𝑢 = 𝑡" + 4; 	𝑑𝑢 = 2𝑡𝑑𝑡,					𝑑𝑡 =
							 %

"4
𝑑𝑢;	 				𝑡" = 𝑢 − 4 

Then, ∫3𝑡#(𝑡" + 4)! 𝑑𝑡 = ∫3𝑡" ∗ 𝑡 (𝑡" + 4)!dt  = %
"∫3(𝑢 − 4)(𝑢)

! 𝑑𝑢 =
#
"∫𝑢

; − 4𝑢! 𝑑𝑢 = #
"
∗ %
5
𝑢5 − #

"
∗ %
;
4𝑢; + 𝐶  

=
3
14
(𝑡" + 4)5 − (𝑡" + 4); + 𝐶 

 

19. Find ∫ 𝑥(𝑥" − 4)
%
"  𝐿𝑒𝑡	𝑢 = 𝑥" − 4; 	𝑑𝑢 = 2𝑥𝑑𝑥; 	𝑑𝑥 = %

"*
𝑑𝑢 

Then,∫ 𝑥(𝑥" − 4)
%
" = %

" ∫𝑢
%
" 𝑑𝑢 = %

"
∗ "
9
𝑢
,
" + 𝐶 = %

9
(𝑥" − 4)

,
" + 𝐶 

20. Find ∫ *
(%6*")"

𝑑𝑥   𝐿𝑒𝑡	𝑢 = 1 + 𝑥"; 	𝑑𝑢 = 2𝑥𝑑𝑥; 	𝑑𝑥 = %
"*
𝑑𝑢  

Then,∫ *
(%6*")"

𝑑𝑥 = %
" ∫

%
<"
𝑑𝑢 = %

"∫𝑢
$" 𝑑𝑢 = %

"
∗ − %

<
+ 𝐶 = − %

"(%6*")
+ 𝐶 

21. Find ∫ 7&6%
7&64

𝑑𝑡  𝐿𝑒𝑡	𝑢 = 𝑒4 + 𝑡; 	𝑑𝑢 = 𝑒4 + 1𝑑𝑡; 	𝑑𝑡 = %
7&6%

𝑑𝑢  

Then, ∫ 7&6%
7&64

𝑑𝑡 = ∫ %
<
𝑑𝑢 = 𝑙𝑛|𝑢| + 𝐶 = 𝑙𝑛|𝑒4 + 𝑡| + 𝐶    Note:	 6∫ ><

<
= 𝑙𝑛|𝑢| + 𝐶7 

22. Find ∫ 7'(

√8
𝑑𝑦   𝐿𝑒𝑡	𝑢 = 8𝑦; 	𝑑𝑢 = %

"√8
𝑑𝑦; 	𝑑𝑦 = 28𝑦𝑑𝑢 

Then, ∫ 7'(

√8
𝑑𝑦 = 2∫ 𝑒<𝑑𝑢 = 2𝑒√8 + 𝐶 

23. Find ∫ 7)

"67)
𝑑𝑥  𝐿𝑒𝑡	𝑢 = 2 + 𝑒*; 	𝑑𝑢 = 𝑒*𝑑𝑥; 	𝑑𝑥 = %

7)
𝑑𝑢 

Then,∫ 7)

"67)
𝑑𝑥 = ∫ %

<
𝑑𝑢 = 𝑙𝑛|2 + 𝑒*| + 𝐶													Note:	 6∫ ><

<
= 𝑙𝑛|𝑢| + 𝐶7 

24. Find∫ *6%
*"6"*6%9

𝑑𝑥  𝐿𝑒𝑡	𝑢 = 𝑥" + 2𝑥 + 19; 	𝑑𝑢 = 2𝑥 + 2𝑑𝑥; 	𝑑𝑥 = %
"(*6%)

𝑑𝑢 

Then,∫ *6%
*"6"*6%9

𝑑𝑥 = %
"∫

%
<
𝑑𝑢 = %

"
𝑙𝑛|𝑢| + 𝐶 = %

"
𝑙𝑛|𝑥" + 2𝑥 + 19| + 𝐶 

25. Find∫ 7)$7*)

7)67*)
𝑑𝑥  𝐿𝑒𝑡	𝑢 = 𝑒* + 𝑒$*; 	𝑑𝑢 = 𝑒* − 𝑒$*𝑑𝑥; 	𝑑𝑥 = %

7)$7*)
𝑑𝑢 

Then,∫ 7)$7*)

7)67*)
𝑑𝑥 = ∫ %

<
𝑑𝑢 = 𝑙𝑛|𝑢| + 𝐶 = 𝑙𝑛|𝑒* + 𝑒$*| + 𝐶 

26. Find∫
(46%)"

4"
𝑑𝑡  (This is a case where it is easier not to subsDtute) 

Then,∫
(46%)"

4"
𝑑𝑡 = ∫ 4"6"46%

4"
= ∫1 + "

4
+ %

4"
𝑑𝑡 = 𝑡 + 2 𝑙𝑛|𝑡| + %

4
+ 𝐶 

27. Find∫ * ,-'/*"1
:'()(*")

𝑑𝑥  𝐿𝑒𝑡	𝑢 = 𝑠𝑖𝑛(𝑥") ; 	𝑑𝑢 = 2𝑥 𝑐𝑜𝑠(𝑥") 𝑑𝑥; 	𝑑𝑥 = %
"* ,-'(*")

𝑑𝑢 

Then,∫ * ,-'/*"1
:'()(*")

𝑑𝑥 = %
"∫𝑢

$!"𝑑𝑢 = %
"
𝑢
!
" ∗ 2 + 𝐶 = 8𝑠𝑖𝑛(𝑥") + 𝐶 

28. Find∫ %67)

√*67)
𝑑𝑥  𝐿𝑒𝑡	u = 𝑥 + 𝑒*; 	𝑑𝑢 = 1 + 𝑒*𝑑𝑥; 	𝑑𝑥 = %

%67)
𝑑𝑢 

Then,∫ %67)

√*67)
𝑑𝑥 = ∫𝑢$

!
"𝑑𝑢 = 2𝑢

!
" + 𝐶 = 2(𝑥 + 𝑒*)

!
" + 𝐶 = 2√𝑥 + 𝑒* + 𝐶 
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29. Find∫(𝑥 + 1) 𝑠𝑖𝑛(𝑥" + 2𝑥 + 3) 𝑑𝑥 𝐿𝑒𝑡	𝑢 = 𝑥" + 2𝑥 + 3; 	𝑑𝑢 = 2𝑥 + 2𝑑𝑥; 	𝑑𝑥 =
%

"(*6%)
𝑑𝑢 

Then,∫(𝑥 + 1) 𝑠𝑖𝑛(𝑥" + 2𝑥 + 3)𝑑𝑥 = %
"∫ 𝑠𝑖𝑛 𝑢 𝑑𝑢 =

%
"
(− 𝑐𝑜𝑠 𝑢) + 𝐶 =

− %
"
𝑐𝑜𝑠(𝑥" + 2𝑥 + 3) + 𝐶 

30. Find∫𝑥 𝑡𝑎𝑛(𝑥") 𝑠𝑒𝑐(𝑥") 𝑑𝑥  𝐿𝑒𝑡	𝑢 = 𝑥"; 	𝑑𝑢 = 2𝑥𝑑𝑥; 	𝑑𝑥 = %
"*
𝑑𝑢 

Then,∫ 𝑥 𝑡𝑎𝑛(𝑥") 𝑠𝑒𝑐(𝑥") 𝑑𝑥 = %
"∫ 𝑡𝑎𝑛 𝑢 𝑠𝑒𝑐 𝑢 𝑑𝑢 =

%
"
𝑠𝑒𝑐 𝑢 + 𝐶 = %

"
𝑠𝑒𝑐(𝑥") + 𝐶 


