CALCULUS 2

INTEGRATION BY PARTS
WORKED EXAMPLES

The formula for integration by parts is: '[ udv =uv — Ivdu .

The guidelines for selecting u and dv are:
L: logarithmic functions

I: inverse trig

A: algebraic functions

T: trig functions

E: exponential functions

Note: choose u to be the function that comes first.

Example: J-\/; Inxdx; letu=Inxanddv= Jx dx. This is according to the guideline.

Problems.
Evaluate each indefinite integral using integration by parts.

1. J.xcosxdx 11. J.x3lnxdx
2. | xsinxdx 12. Jsinxln(cosx)dx

x? sin xdx 13. Jx2 e “dx

J
J
4. [ cos xdx 14. [3xe™dx
J
J

5. [xcos3xdx 15. [In(2x+1)dx

6. [x*cos3xdx 16. [ e dx

7. [3xedx 17. [ xe'dx

8. jxcosSxdx 18. Icosxln s1nx dx
9. [x’sindxdx 19. [ cos xdx

10. [ xcos(5x—1)dx 20. [x’e"dx



SOLUTIONS

1. Ixcos xdx let u = x; dv = cos x dx; du = dx,; v = sin x dx.

=xsinx—J.sinxdx:>xsinx—(—cosx)dx

xsinx+cosx+C

2. Ixsin xdx letu =x; dv =sinx dx; du =dx; v =- cos x dx.

= —xcosx—j—cosxdx: —xcosx+jcosxdx

—xcosx+sinx+C

3. Ixz sin xdx letu = x°; dv = sin x dx; du = 2x dx; v = - cos x dx.
=—x"Ccosx— I—Zx cos xdx = —x’ cos x + ZI X cos xdx
Now we integrate by parts again using u = x; dv = cos x dx; du = dx; v=sin x dx;
Therefore, j x” sin xdx = —x” cos x + 2 (x sin x — J.sin x) dx

=x" cosx +2xsinx—2(—cosx)+C

—x*cosx+2xsinx+2cosx+C

4, Ixz cos xdx letu = x°; dv = cos x dx; du =2x dx; v = sin x dx.
=x’ sinx—2jxsinxdx = x? sinx+2]xsinxdx

Now we must integrate by parts again using u = x; dv =sin x dx;

du= dx; v=-cos x dx

Therefore, I x* cos xdx = x” sin x +2xcos x — 2_[ cos xdx

x2sinx+2xcosx—2sinx+C

5. _[xcos 3xdx let u = x; dv = cos3x dx; du = dx; v =1/3 sin x dx.
—ljsin3xdx . xsin3x _l(_ COS3xjdx
3 3 3 3

xsin3x
3

lxsin3x+lcos3x+C
3 9




6. sz cos3xdx let u = x°; dv = cos3x dx; du = 2x dx; v =1/3 sin x dx.

2 (s ; * (si
X (SIH3X) _J~2xsm3xdx:> X (sm3x) —zjxsinxdx
3 3 3

Now we must integrate by parts again using u = x; dv =sin3x dx; du = dx;

,— 2cos 3x v
3 b
xsin3x 2 (—x cos3x cosS 3x}
= _z —j dx
3 3 3 3
x*sin3x 2( —xcos3x 1(sin3x
= -— —— dx
3 3 3 3 3
x*sin3x 2xcos3x 2sin3x
+ - +C
3 9 27
7. J‘3xe’xdx letu =3x;dv=e"dx; du=3dx;v=-e"dx.
=3¢ — I—3e"‘dx
—3xe " -3e"
8. Ixcos Sxdx let u = x; dv = cos5x dx; du = dx; v = 1/5sin x dx.
_ Xxsinx _I smxdx _ xsin x _l —CcosS5x L C
5 5 5 5 5
| 1
—xsinSx+—cosS5x+C
5 25
9. I x* sin 4xdx let u = x°; dv = sindx dx; du =2x dx; v = -1/4cos x dx.
2 2
_ X cos4x_'[ 2XCOS4xdx:> X COS4x+lj‘xcos4xdx
4 4 2

Now we must integrate by parts again, J. cos4x dx, use u =x;

dv=cos 4x dx; du= dx; v= isinx dx

4 2

— 2 1
_ —x’cos4x 1(xsm4x—lj.sin4xjdx
4 4

=lx2 cos4x+lxsin4x—i(—cos4x)+C
4 8 32

lx2 cos4x+lxsin4x+icos4x+C
4 8 32




10. _[xcos(Sx—l)dx let u = x; dv = cos(5x-1) dx; du = dx; v = 1/5sin x dx.

Jsm(ssx_l)dx:> xsin(5x-1) _l(—cos(Sx—l)j_l_C

5 5 5

B xsin(5x—1)
B 5

éxsin(Sx—l)+2LScos(5x—l)+C

11. I x° In xdx letu =Inx; dv =x>dx; du = 1/x dx; v = 1/4x°.
4 4 4 4 4
_X lnx_“-x_*ldxﬁx lnx—ljx3dx:>x lnx_l*x__i_c
4 4 x 4 4 4 4

lx4 lnx—Lx4 +C
4 16

12. jsinxln(cosx)dx let u = In (cos x); dv = sin x dx; du = 1/cos x -sin x dx = tan x;

V = -COS X.

sin x
~1 —cosx)— [ —cos x(—tan x)dx = —cos x(1 - d
n(cosx)(—cosx) j cos x(—tan x)dx = —cos x(Incos x) jcosx[cosxj X

= —cosxln(cosx)—jsinxdx = —cosxIn(cosx)—(—cosx)+C

—cosxIn(cosx)+cosx+C

13. Ixze_xdx letu =x% dv =e“dx; du = 2x dx; v = -e* dx.
=x‘e" - I 2x (—e"‘ ) dx = —x’e™" + ZI xe “dx
Now we must integrate by parts again, J. xe 'dx, useu = x; dv = e dx;
du=dx; v=-¢e " dx.
=—x‘e" + ZJ‘(—xe’x + Ie’x )dx

=—xle " —2xe " + 2! e dx = —x’e  —2xe* =2e+C

—e (x2 +2x+2)+C

14. I 3xe "dx letu =3x; dv=e"dx; du=3dx; v=-e*dx.
—3xe " — j -3¢ dx = —3xe " + 3J. e “dx
=-3xe " +3 (—e’x ) +C

—3xe " -3¢ +C




15. ‘[ln(2x+1)dx letu =In (2x+1); dv =dx; du = 2/2x+1 dx; v = x.

=x1n(2x+1)—j2j’_‘F x> xln(2x+1)—j—(2’;:)l_ldx
=xln(2x+1)— l—ﬁx
X+
xln(2x+l)—x+%ln(2x+l)+c
16. .[xzesxdx letu =x°; dv =e>*dx; du = 2x dx; v = 1/5¢’* dx.
_ x2€5x _J' 2xe5xdx
5 5

. L l
Now we must integrate by parts again using u = x; dv= e *dx; du = dx; v= ges “dx;

2 5x 2 Sx 1
Therefore,szes"‘dxzx c K——J.es’“ dx

5 S50 5 5
éxzesx—%x Y —e"+C
17. J.xexdx letu =x,; dv =e"dx; du = dx; v = e*dx.
= xe —J‘eY
xe'—e" +C

18. jcosxln (sin x) dx letu=Insinx; du=1/sinxcosx = cos x/sin x dx,; dv = cos x dx;

v =sinx dx
:ln(sinx)sinx—jsinx(césx]dx:sinxln(sinx)—Icosxdx
sin x
=sinxln(sinx)—sinx+C
sinx(lnsinx—1)+C
19. '[ex cos xdx let u = cos x; dv = e dx; du = -sin x dx,; v = & dx.

5



=e' cosx+ J‘ex sin xdx

Now we must integrate by parts again using u =sinx; dv= e'dx; du=-cosx dx; v= e"
=e cosx+e’ sinx—J.ex cos xdx

Here we arrive at the original function again, so we add j e*cosx dx to both sides.
Therefore, j e*cosxdx =¢e" cosx+e’sinx— J e* cos xdx

+ j e’ cosxdx = +I e cos xdx

2I e*cosxdx =e"cosx+e*sinx+C (Next divide by 2)

e* (cosx+sinx)
2

20. Ixze‘”dx letu =x°; dv =e*dx; du = 2x dx; v = 1/4e* dx.

2 4x 4x 4x 2 4x 4x 4x
_xe 1 S L S R

4 20 4 4 4 20 4 4 4

lxze“ ——xe+—e" 4+ C

4 8




